Abstract. Cohomology rings of various classes of groups have curious duality properties expressed in terms of their local cohomology 2, 3, 12, 4, 5, 6]. We formulate a purely algebraic form of this duality, and investigate its consequences. It is obvious that a Cohen-Macaulay ring of this sort is automatically Gorenstein, and that its Hilbert series therefore satis es a functional equation, and our main result is a generalization of this to rings with depth one less than their dimension: this proves a conjecture of Benson and Greenlees 4] 
Introduction
It has recently emerged that the rings of coe cients of equivariant cohomology theories very often have remarkable duality properties. It is the purpose of the present paper to formulate the duality purely algebraically in a particularly favourable case, and to investigate its ring theoretic implications. We give a little background in Appendix A, but readers nding the de nition of interest as commutative algebra in its own right may ignore the topology.
Before we describe the duality properties, we need some terminology. Rings arising as coe cients of cohomology theories are Z-graded, and in this paper all elements and ideals are required to be homogeneous. These rings are also graded-commutative in the sense that rs = (?1) deg(r) deg (s) sr for all elements r; s. Graded-commutative rings are very close to being commutative, and we want to apply the techniques of commutative algebra to them. Since left and right ideals coincide, the notions of a Noetherian ring and a prime ideal behaves as in the commutative case. The formula mr := (?1) deg(r) deg (m) rm allows one to consider left modules as right modules, and we henceforth restrict ourselves to left modules. If R is of characteristic 2 then R is itself commutative; in general the subring R ev of even degree elements is commutative, and the inclusion induces a bijection of primes. Readers uncomfortable with graded-commutative rings should note that our constructions may be made using only the structure of a module over the commutative subring R ev .
For the rest of the paper, R will be a Noetherian graded-commutative local ring of dimension r, with maximal ideal m and residue eld k. We also suppose R is connected in the sense that it is zero in negative degrees and R 0 = k. To state the duality property we use Grothendieck's local cohomology functors H m ( ). Since R is Noetherian, these calculate the right derived functors of the m-power torsion functor on This work began whilst the second author was visiting She eld, supported by a Visiting Fellowship from the EPSRC. 1 Notice that since M is graded, the local cohomology module H i m (M) is a graded module, and we write H i;j m (M) for the degree j part. Readers uncomfortable with graded-commutative rings may interpret m as the maximal ideal of R ev throughout.
Local cohomology detects depth in the sense that depth(M) = minfi j H i m (M) 6 = 0g, so that R is Cohen-Macaulay if and only if H m (R) is concentrated in degree r; in this case R is then Gorenstein if and only if H r m (R) is isomorphic to DR = Hom k (R; k) up to a shift of degrees.
Remark 1.1. (Grading conventions). Since we are much concerned with modules non-zero in both positive and negative degrees, it is essential to be clear about grading conventions. All grading will be cohomological (upper indexing), and R is concentrated in degrees 0 and above. Other constructions are graded in the standard way. Thus (DR) n = Hom n k (R; k) = Hom k (R ?n ; k), and DR is concentrated in degrees 0 and below. In general Hom n k (M; N) = Q i Hom k (M i ; N i+n ). We also use topological notation to denote shifts in degrees. Thus ( M) n = M n?1 , and we refer to M as the (cohomological) suspension of M; the alternative notation M = M(1) is also widely used.
We are now equipped to de ne the class of rings we wish to study. The existence of an LCT v structure is a form of duality, since the E 2 term is covariant in R, whilst the spectral sequence converges to DR, which is contravariant. For example, if R is an LCT v ring and Cohen-Macaulay, then the spectral sequence collapses to give an isomorphism H r m (R) = v?r DR, showing that R is also Gorenstein. Conversely, it is immediate that any Gorenstein ring is an LCT v ring for some v.
Our main result, Theorem 5.4, describes the consequences of an LCT v structure on a ring which is almost Cohen-Macaulay in the sense that its depth is one less than its dimension. In particular we prove a conjecture of Benson and the rst author for the rings of Example 1. 3 (b) above, by giving a pair of functional equations 6.2 for the Hilbert series of any almost CohenMacaulay LCT v ring. Benson and Carlson 3] had previously proved the analogous result for cohomology rings of nite groups as in Example 1.3 (a), by using the particular features of the de nition of the cohomology ring.
We show in Section 7 that Grothendieck's method of dual localization shows that the localization of an LCT v ring at a prime of dimension d is an LCT v?d ring. Accordingly, our results
Implications of local duality
In this section we record a number of consequences of local duality that are central to the analysis. These are all well known 18], but some readers may appreciate the simplicity of the proofs in our case.
Let R be an r-dimensional connected graded-commutative local ring with maximal ideal m and residue eld k. Throughout this section M will be a nitely generated R-module, although our main interest is in the case M = R.
By Noether normalization we may choose a polynomial subringR R over which R is nite; for de niteness we suppose the generators ofR are in even degrees a 1 ; a 2 ; : : : ; a r , and we let a = a 1 + a 2 + + a r .
Remark 2.1. In what follows the primary objects are R-modules. However, it is sometimes convenient to establish various properties by considering the underlyingR-module, and we pause to clarify this.
(1) The Matlis duality functor is de ned on an R-module M by DM = Hom R (M; E(k)). Note that E(k) = Hom R (R; k), and hence we have DM = Hom R (M; E(k)) = Hom k (M; k) = HomR(M;Ẽ(k)):
(2) Throughout we shall be discussing local cohomology relative to the maximal ideal of the ambient ring. Proof: Note thatR } is a regular local ring of dimension r ? d, and then apply local duality:
Reasonable behaviour in a module is re ected in the small size of its lower local cohomology. We call the LCT-approximation, and it is of central importance. There is a very convenient way to package a re nement of these observations, and we turn to it in Section 7. However in the meanwhile we give a criterion for to be an isomorphism.
4. When is R quasi-Gorenstein? We say that R is quasi-Gorenstein if the canonical module = DH r m (R) is isomorphic to a suspension of R. Thus an r-dimensional ring is Gorenstein if and only if it is quasi-Gorenstein and of depth r.
Lemma 4.1. Suppose R is equidimensional and unmixed. The following three conditions on a prime } in R of dimension d are equivalent.
1. ht(}) 2 and depth(R } ) = 1.
2. There is a regular a 2 R such that } is an embedded prime of (a).
} is a minimal prime of Supp(DH d+1 m (R))
Proof: (1) () (2) : If an element a 2 } is a non-zero divisor it is regular on R } . If R } is of depth 1, the regular sequence a cannot be extended, and hence R=(a) is of depth 0. The argument is reversible. The conditions on height and embeddedness correspond.
(1) () ( One advantage is that if if we choose a prime of dimension r or r ? 1 we obtain a collapsed spectral sequence. We rst examine the 0 and 1 dimensional cases to which we are reduced by localization, and then return to deduce conclusions for arbitrary rings. 
8. Minimal associated primes of dual local cohomology. In this section we formalize the geometric content of our results, and in the special case of mod p cohomology of groups, we use a theorem of Quillen to relate this in turn to the group theory.
We have been concerned with the defect of local rings, de ned by def(R) = dim(R)?depth(R), and we now consider the defect strati cation of X = Spec(R). Thus, we let X i = f} 2 Spec(R) j def(R } ) ig
Evidently this gives a chain of inclusions X = X 0 X 1 X 2 X X +1 = ;:
We write X 0 i = X i n X i+1 for the ith pure stratum. Thus X 0 0 = X 0 n X 1 is the Cohen-Macaulay locus (which we have shown is also the Gorenstein locus) and X 0 )). This shows the defect only ever decreases under localization and hence the chain terminates with = def(R).
For the remainder of the discussion we assume that R is equidimensional, so that h + d = r for all primes. Thus In particular X i is a closed set. From 2.2 the minimal primes over a j have dimension j, and hence X i is of dimension r?i. We now focus on the case when R is the mod p cohomology of a classifying space of a compact Lie group or virtual duality group. Quillen 21, 22] has given a description of the variety of R, and in particular its minimal primes. We brie y recall Quillen's strati cation of the variety. This shows that the defect strati cation is subordinate to the Quillen strati cation, and in particular the minimal primes of X i are Quillen strata. This generalizes Du ot's theorem 8] that the associated primes of R are Quillen strata. Indeed, an associated prime of R of height h is a minimal prime of H d?h m (R), by local duality. Appendix A. Topological background Although equivariant topology plays no role at all in this paper except to provide examples which show the theory is not vacuous, it still seems worth providing a little background. For simplicity, suppose G is a nite group. There are certainly interesting adaptions to the cases of compact Lie groups, discrete virtual duality groups, and also to p-adic analytic groups, and we comment below on how they a ect the discussion. There are various interesting examples of cohomology theories F ( ). Three to bear in mind are (1) ordinary cohomology with coe cients in a eld k, (2) K-theory and (3) bordism. These may be applied to the classifying space BG, and we consider the ring R = F (BG), and the R-module F (BG). It is natural to expect a universal coe cient theorem Ext s;t F (F (BG); F ) =) F (BG): Note in particular that both the E 2 term and the target are contravariant in BG. In case (1) the universal coe cient theorem collapses to state D(F (BG)) = F (BG), and since the cohomology is nite in each degree, this gives F (BG) = DR. It is natural to expect more generally that the universal coe cient theorem arises from an equivalence RD(F (BG)) ' R, in some derived category, where D( ) = Hom F ( ; F ): this will be given a precise meaning below. Combining the local cohomology theorem with the universal coe cient theorem we obtain a form of duality for the ring R = F (BG):
RD R? I (R) ' R in some derived category of R-modules.
In the discussion so far we were not obliged to discuss equivariant cohomology theories at all. However, the natural statements are in terms of the equivariant cohomology F G (EG X) and homology F G (EG X). For cohomology the change of groups isomorphism F G (EG X) = F (EG G X) is straightforward, and generalizes directly to the various classes of in nite group. However, in homology the isomorphism F G (EG X) = F (EG G X) involves a transfer and therefore a suspension or twisting. For example if G is a compact Lie group F G (EG X; EG ) = F (EG G ((X; ) (D(ad(G)); S(ad(G))) where (D(ad(G)); S(ad(G))) is the pair consisting of the unit disc and unit ball of the adjoint representation. The e ect of this is to give a statement like RD R? I (R) ' ?v R where ?v is some invertible functor on the derived category. It would be interesting to investigate the implications of such an algebraic statement along the lines of the present paper.
We nish by giving a context in which the heuristic derived category statements are true. For this we need to work with highly structured ring and module spectra, and more precisely, in the category of S-algebras of Elmendorf-Kriz-Mandell-May 9]. We thus suppose that the representing spectrum F is an S-algebra, and use the highly structured in ation of to view it as an equivariant S-algebra. To emphasize the algebraic content, we write RHom for function spectra. The articles 14, 15] provide an introduction to some of the constructions used here. is of projective dimension 1, we can again identify the R-module RD R? I R. Usually this will not be a suspension of R, but rather a wedge of several. Thus A.1 states that RHom(EG + ; F)
behaves very much like a Gorenstein ring.
